Colloquially, this states that one can "cut up a pea and rearrange the pieces to get the sun."
Because A and B typically do not have the same volume, the pieces in the partition must not have a well-defined volume; in particular, they are not all Lebesgue measurable. In ref. 3 (assuming the consistency of "ZFC+ there is an inaccessible cardinal"), Solovay shows that it is consistent with Zermelo-Fraenkel set theory with the countable axiom of choice that every subset of Rn is Lebesgue measurable. Hence the controversial (uncountable) axiom of choice is required to construct the partition used in the corollary and thus the sets must be extremely wild in this sense.
There is, however, another well-behaved countably complete boolean algebra (a-algebra) of subsets of Rn, the sets with the property of Baire. We now define this notion in a somewhat abstract setting.
A topological space X is Polish if the topology admits a complete separable metric. A closed set K C X is nowhere dense iff it contains no nonempty open set. A set B C X is meager if it is included in a countable union of closed nowhere-dense sets. IfB is meager, then X\B is comeager. A set Y C X has the property of Baire iff it belongs to the smallest a-algebra containing the Borel sets and the meager sets. Note that in Rn this is analogous to the algebra of Lebesgue-measurable sets-i.e., the smallest a-algebra containing the Borel sets and the Lebesgue measure zero sets. The Baire category theorem implies that no nonempty Polish space is meager. A standard fact (4) is that for each Y C X with the property of Baire, there is an open set 0 C X so that the symmetric difference Y A 0 is meager. If A, B E R C 5P(X), and G is a group acting on X, we say that A is equidecomposable with B using pieces in a and elements of G (A B with respect to G) iffthere is a partition of A into {Ai, . . , A"} with Ai E a and {i, . . , nC G so that {yiA1, To prove Theorem I from the Main Lemma, let X = 52\F with the inherited topology. Then X is a Gas subset of S2 and hence is a Polish space with the subspace topology (6). Further, (4, /i) acts freely on X by homeomorphisms. Let {pi, Ay: 1 < i c 3} be free generators of a free subgroup of ( distance from x to y) and for each w and each triangle (x, y, z) in the component of w there is a unique vertex of that triangle closest to w. Note that each path determines a word w in the letters P and the graph distance from x to y is the length of the unique shortest word w (written in the letters P) so that w(x) = y. (We will call these minimal words "reduced"-they are the words in P that are reduced in the group (pi,-yi: 1 -i s 3).) To prove the Main Lemma, we must construct Ri, Gi so that they can be rearranged into a "red" open dense set and a "green" open dense set. So the main task is to arrange density and maintain the disjointness of {RI, Gj: 1 s i s 3}. In fact, we will demand the stronger requirement that if x E U1 +Rn U U,G7
andy E Ui,zRn7 U UGi7, then z E Rk, and of course, similarly for green triangles. We call triangles that violate this stronger hypothesis "delinquent." Presented with a "red" task 0 at stage n, if there is no delinquent triangle, it is possible to add some xo to some RI with x0 E p-l'(O). But adding this to RI (to be an element of R7"+) threatens to create new delinquent triangles, so we must add further points to the Rr.s and Gis adjacent to x in the Cayley graph. This creates further complications. We must show that no contradictory requirements are created (by induction on graph distance) and that we can "blow up" xO to an open neighborhood which exactly mimics the behavior of xO and hence can be added to R7 with the resulting consequences.
The induction hypotheses on the sets {R., G.: 1 < 1 < 3}
are:
Hypothesis 1: For each i, n . 1, R. and G7 are open subsets of D with no boundary, and {R., G.: 1 C i -3} is pairwise disjoint, and R1-l C RI, Gin 5 G7.
Hypothesis 2: For n = 2j (resp. n = 2j + 1), UipiR'+l n oi # 0 (resp. Uiry,,G+1 n o0 # 0). no bad triangles, and every triangle of whose vertices of distance at most k from xo is not delinquent. Let C' be the union of all the connected components of the live Cayley graph at stage n that have a vertex adjacent or equal to some element of Ui U A,). Then C' is finite, since each Ai and Pi is. Let m = IC' + 1 and U = D\(UR7 U UGi).
By Lemma 2, there is an open neighborhood 0 of xo so that for all y E 0 and all words w (in the letters P) of length less than or equal to m, co xo E R' (resp. Gi, U) iffw y E R7 (resp. Gi, U). This implies that if we "label" the elements of the Cayley graph of distance less than or equal to m from y E 0 with the labels R7 and G7 and U according to which sets they belong to we get a graph isomorphic to the labeled graph of the elements of distance less than or equal to m from xo. By shrinking 0 further we may assume that 0 has no boundary and for all y £ 0 and all reduced words co # co' (in the letters P) of length less than or equal to m, wO n agO = 0.
Let R. 1 -U{wO: coxo E A,} U R7 and Gin`= U{coO: cl x EC} U G?. Then Hypotheses 1-3 are easily seen to hold. Hypothesis 4 holds because C' is the connected component of xo in the live Cayley graph at stage n + 1. Hence for all y E 0, the connected component at stage n + 1 is isomorphic to C'. Thus all y' connected to some y in 0 have finite connected components in the live graph at stage n + 1. For all other z, the live component at stage n + 1 is unchanged from the live component at stage n.
